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ABSTRACT 

A phenomenological model based on the liquid crystal blue phase is proposed as a 

model for a late-time cosmological phase transition. Topological defects, in particular thick 

strings and/or domain walls, are presented as seeds for structure formation. It is shown 

that the observed large scale structure, including quasi-periodic wall structure, can be well 

fitted in the model without violating the microwave background isotropy bound nor the 

limits from induced gravitational waves and the m&second pulsar timing. Furthermore, 

such late-time transitions can produce objects such as quasars at high redshifts(z 2 5). 

The model appears to work with either cold or hot dark matter. 
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1 I) Irir.ro(iucrion 

Every cosmological structure formation scenario has to face the potentially conflicting 

constraint of the microwave background isotropy AT/T. and the existence of quasars 

and galaxies at large redshifts (: 2 4) as weii as the existence of large structures (the 

great wall (Geller and Huchrs 19S9). the great attractor (Burstein 1987), and the possible 

existence of quasi-periodic walls (, Broadhurst i990) stretching over scales - 100/h Mpc 

(where h = Ho/lOOkm/sec/Mpc). One proposal (Hill. Schramm, and Fry 1989) around 

such problems has been to generate the cosmological seeds at a late-time phase transition 

following the decoupling of the microwave background. Such a vacuum transition can 

generate topoiogicai defects and/or vacuum fluctuations (Press. Ryden, and Spergel 1990; 

Wasserman, 1986) which can serve as cosmologicsl seeds while providing the minimum 

AT/T for the production of a given size object (Schramm 1990; Turner, Watkins, and 

Widrow 1990: Nambu 1990; Goetz 1990). In this paper. we will use the analogy of the “blue 

phase” that has been well studied in liquid cry-stals to develop a phenomenological model 

for a cosmological trsnsicion that appears to have many promising features. The liquid 

crystal blue phase is particularly interestin g since it yields structure on relatively large 

scale (- 5000A) from micro-physics processes with relatively small (- lOi) correlation 

length. (The structure on 5OOO.h is why it is called the “blue phase.“) This might be 

somewhat analogous to a late-time phase transit,ion with a Compton wavelength of the 

fundamental physical interaction being - 1 Iipc to - 1 Mpc (Hill, Schramm, and Fry 

1989) producing structure on scales of > 100 Jfpc. 

The density fluctuations in this scenario are associated with the formation of topolog- 

ical defects. ‘The best studied defect for a late-time phase transition has been the domain 

xiii originating from a scalar field. The numerical work of Press &al. (1989) on the Z, 

-:.-ail network demonstrates that in most cases it is hard to form interesting structure from 

:valls due LO the one wall dominating t,he horizon volume (see also Stebbins and Turner 

1989 1. One way out is to consider the sine-Gordon potential (Hill, Schramm, and Widrow 



:990 / which yieids muitipie ..bails of \vail” rhac .serve as point-iike seeds. but the rela- 

:ioiisbip oi such seeds to large Ivail-like structures is model-dependent and remains to be 

denxmsrrared. Other options to escape rhe one wail domination problem. such as slowing 

:he wail via friction (Gssarotti 1991) or decaying walls (Kawano 1990) to delay evolu- 

rion. has been explored. VV’~ note here rhat a network of walls with wall-induced growth 

ibar!ons clumping in rhe repulsive gravicationai field of the wall) modeled after the blue 

phase can fit the observed structure well. \?‘e also try to note that this model can utilize 

some of the results of the well explored cosmic string (Albrecht and Turok 1989) scenario. 

.Uthough at late times. strings can be t,hick ( - 1 lipc to 5 Mpc), some aspects of cosmic 

string evolution can be preserved even if the strings form at late times provided that the 

mean separation of the string is much larger than the thickness of the string. In this pa- 

per. we note that strings can bound walls and be quite rigid and join together to vortices 

(Vilenkin 1984). The resulting network is quite rigid and only expands conformally with 

the expansion of the universe (see Figure 1). Such a rigid wall network can avoid the single 

wall domination problem raised by Press et ai. and Stebbins and Turner (1989). 

Similair hybrid defects applied to the very early universe were studied several years ago 

(J’Xenkin 1935: IGbble 1955), but were found to be not interesting because they vanished 

rapidly through gravitational radiation. Ke will show that this disappearance doesn’t hold 

for the thick string-wall system produced at late times. The simplest way to generate this 

v&l/string network is LO assume a vacuum phase transition analogous to the cholesteric 

Squid crystal blue phase. 

To understand what is meant by cholesterics. let us first note that nematics is the basic 

object of iiquid crystals. -1 nematics liquid crystal is a fluid made of rod-like molecules 

which possesses a long range orientational order (rod-like) but no long range position order 

(liquidi. Csuaily the local preferred orientation of the rod n is taken as the order parameter 

to characterize the nematics. This orientation is a headless vector or director because n 

and -U are the same t,hing. Cholesterics is simply chriai nematics. In the plane normal to 
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an axis. [he molecules have the same preierreci oriemation 7~. -1s one ,goes aiong rhe axis. 

the director 71 twists about an axis perpendicular to the director \vith a spatial period L. 

usuaily &led the pinch size. For the blue phase. the pinch size is - SOOOA. In other 

words. as noted earlier. rod-like moiecules with a scale of ’ - 10A show regular structure on 

the scales of 5000.3. 

One nice thing about t,he choiesteric iiquid crystal is that the phase transition from 

isotropic to cholesteric phase passes through several intermediate stable blue phases. Each 

of these displays a mosaic of bright coior which is produced by the selective Bragg reflec- 

tion of visible light. This indicates that they have periodic structure of size - 5OOOA. Let 

us note that while the coherence length of the liquid is only of order 102, the blue phase 

is the large scale structure in the liquid. The research on blue phase is well documented in 

the review article of Wright and Mermin (1989). Blue phase is interpreted as the periodic 

arrangement of the line defects-disclination lines in the liquid. These facts have a remark- 

able similarity to the relative scale related to cosmic structure formation by assuming that 

late-time topological defects serve as seeds for structure formation. This analogy of blue 

phase and large scale structure is the motivation of this paper. Such a “blue phase” can 

serve as the cosmological model which might be probed in the laboratory (Chuang 1991). 

The arangement of this paper is the following: in Part II we describe the model, and 

in part III we present the cosmological implications and constraints. In the conclusion we 

comment on the possible future directions for the approach presented. In the appendices 

we present the topological consideration of the problem and show direct construction of 

piausible defects. 

II) The Model 

By anaiogy to the choiesteric liquid crystal (Wright and Vermin 1989), we use a 

3x3 trace&s symmetric tensor Qil as an order parameter to write the Ginzberg-Landau 



pilenomenloe;icni free mere;!: density c)i the ~unverse as: 

.;’ = .fhik T , g’ad,rn* i 

= n’tr(?’ + b’trb)’ f c’trQ” A ii!(rtQjk)( CiQjk) + t’qtr(QV X Q) + trQ’] (1) 

In the so called Low-chirality limir (IVright and Vermin 19S9) in which we are inter- 

ested. the tensor field field can be decomposed as 

Qij = ~0(r)(3ni”j - Sij). 

The free energy, then. can be written as 

b’ c’ f = ($62 + ,p3 + - 
L/6 

~ $2 + Ii[(V’m)2 - T + 3d*(ViTZj + Qeij~n~)2]. 

Let us rescaie m -+ JT;‘b and redifine & - a, & + b, $ -+ c, then 

f = am(r)’ + bd(r)3 + COG t [(C~(T))’ - q + 3d(T)*(Vinj + QEijknk)‘]. 

(2) 

(3) 

(4) 

In principle. we can relate the phenomenologicai constants a and c to the the Neutrino- 

Schizon model (Hill.Schramm, and Fry 19S91, as an expansion from V(4) = m,*(cos y-l), 

a = rno~ = &7L”~‘ff. c = 4m*‘/f2 = lGm.“/f*. where rn4 is the mass of the pseudo- 

Sambu-Goldstone boson. which has Compron wavelength l/mm of order 1 Iipc to 1 Mpc, 

and q = %/L. xhere L is chosen to be 130 .Upc to fit the pencil beam redshift survey 

(Broadhurst 1990). 

The minimization of the free energ requires that 

T--;ILj + rjCij~,l~ = 0. (5) 

but since C,‘i-iiaj - Ciranj = q’(Sjv,Li - &,in,) f 0 violates the intergrability condition, 

[here will be no unit director field ‘vi v I which could satisfy (5) without generating a singu- 

lariy. This sinquiarity is the disciination !ine. As shown in Appendix 2. four line defects 

wnerze from the c&rer of the unit cell of size L. = %/q. We call these defects thick 



-crines because rhey have large core radii. The core radius R can be estimated following 

the method of M&boom et nl. / 19Sl) by rewriting gradient free energy in the one constant 

approximation: 

f = fl+ j3 

= Ii[jT Gj* + cl(n'. v x S)‘l - c T x v x ?=ip; + IiG. [(n’ C)?? - f?. (V q (6) 

Year the transition temperature r,. neglecting the surface tension of the string, the 

total free energy along the string per unit length is 

irh- R,,,, 
F = anR2 - ;;li i llnR 

t&O atR = insert back into (7), F=O at 

R maz R 
- = 3.5,o.y z 30. 

R 

(7) 

R moz is taken to be the pinch size L in the comoving frame of the expanding universe, 

L = Lo/( 1 + I)? where Lo is the pinch size today. We choose Lo to be 130 Mpc according 

to the deep pencil beam survey. 2 is the redshift at the time of phase transition. Choose 

z = 30: then the core radius R = 13OMpc/30( 1 + z) - 100 Kpc which is the same order 

of magnitude as the Compton wavelength of the pseudo-Goldstone boson in the Neutrino- 

schizon model. 

It is shown in =\ppendix ? that four strings can join together to form a vortex. .4s 

soon as a vortex is formed. the motion of the strings becomes localized and f?naUy reaches 

equiibrium. The role of the connected thick string network is to provide a rigid skeleton for 

the universe which is stretched conformally only by the expansion of the universe. Since 

fbulklfgradient z Cool)’ z 10“ outside the core of the string, the dominate term of the 

free energy is: 

,i’ = am, I’ j’J + ;,o( ‘.)3 + c@(r)“. (9) 

.f is minimized by two nonzero vaccum expectation values $t and c+z (if b = 0. we have 

two degenrate vacuum: if b F 0 then one is a false vacuum and the phase transition is 



~SL or&w. In different +ons of space. rieid 0 may end np with it different vacuum 

~xprccncion value ; 3X-J. The boundary between the different VRCCU~ states is a domain 

lwaii. 

Domain walls from this scaiar field may he attached to the t,hick string skeleton in two 

! I) strings bounded by wails (see figure 2.i 1 

(II) walls bounded by strings (see figure 2B). 

Each option has its own cosmological implications and constraints, which we will ex- 

l)lore in next section. 

III) Cosmological implications and Constraints 

=in obvious object of the model is to explain the results of the pencil-beam survey. 

(The statistical significance of the pencil-beam resuit. of course, remains to be determined 

with future observations. I Let us now look at the two options from the previous section. 

(I) Strings bounded by walls 

The baryons outside the chick string are compressed due to the replusive (Goetz 1990; 

IColb and Turner 19901 gravitational field of the wall-like surface. We have approximately 

one-ro-one correspondence between the thick string and the “Great Wall” hit by the pencil 

beam (see figure 3X). The voiume fraction of the thick string is about (R/L)’ zz 0.1% 

vhich is rather smail. If this picture is true. then. when the pencil-beam direction shifts 

1,~ 2,H zz “R/L 2 3”. the quasi-period mill change significantly. 

111: 1’lralls hounded by thick-strings 

In this case. xe would expect to have quasi-periodicity in every direction. However, 

because of the oriencntion of ~41s relative to each oti:~:. we also expect the quasi-period 

wiii cilnnqe as the direction oi the pencil beam changes (see figure 3B). 



.T!le microwave background amso~rop~ bounded 6T/T < lo-” can be met in the lace 

;ime :ransirion model provided tha.t rile suriace density of wall 0 5 lOMet?. Recently, 

many ;wthors have made detailed calculations of the anisotropy for the late time domain 

wail system. Thus. me don’t intend to repeat the calculation here. For our model. u 5 

10.11~~~ is not a restrictive bound in richer case. Collapse of domain walls is important 

in the first wrsion where a pattern of spots will appear on the microwave sky (Turner. 

Katkins. and Witlrow 1990). T!le wall-driven gravitational motion is important in the 

second version i.\ambu 1990: Rees and Sciama 1968), where the calculation shows that 

hT/T w 10-j. which is marginally consitent with the current observational bounds. 

Gravitational radiation is important in such a hybrid wall-string system (Vilenkin 

19S5), The characteristic gravitationai radiation frequency of a wail of size R is l/R. the 

mass of the wall is OR’. the quadrople moment is N MR’, so energy loss rate is 

de 
- zz G(crR”)‘%” cz GaM, 
dt 

which yields a life time 

.u 1 

’ = (de,ldt) = G, 
z 3 x 105( (11) 

where Ho is rhe Hubble const,ant 

For hybrid defects wall-string networks produced in the very early universe, 0 > 

lO”.\feu”. Thus. they vanish rapidly via gravitational radiation. But for the very light 

wails generated in the late time. 0 5 IOMw”. so that r is much large than the age of the 

universe. 

The total energy scored in the gravirntional waves is 

J 
de 1 

Eq = alit - Gohf - 
iTTji(;‘ 

This yields 

(12) 

(13) 
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The present npper bound on rile rner~y density of the gravitational wave coming from 

the millisecond pulsar (Lyne. ;I~&rson. and Taylor 19S5) is 12 < 10-j. In our first version. 

There is no problem. but for the second option. where the wall-strings may dominate the 

i>resent ener.gy density of the rmirerse. !2,,,!1 x 1. the gravitational radiation constraints 

rile iurfnce tension to lx cr 5 3.11ec3. 

IV) Comments and Conclusion 

The phenomenological model proposed seems to provide a plausible picture of the very 

large scaie structure of the universe. 1Ye hope that this blue phase analogy for a late time 

phase transition can provide useful initial conditions for more detailed numerical model- 

ing of t,he structure evolution. We also hope that these phenomenlogical models might 

stimulate the development of a more realistic particle physics model that has the proper- 

ties desired. For example, Hill (1991) has noted that the pion field from the dynamical 

breakdown of chrial SU(?)L x SL’(Z)fi symmetry at the late time (- lev) can give rise 

to the free energy we need. We will explore this in a future paper. We also note that 

the laboratory experiment of Chuang ef al. (1991) provides an interesting way to create 

anaiogous models of the universe if the phenomenlogical connection decribed here turns 

out to be reievant. 
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Appendix 1 Topoio+ca.i Consideration 

The mathmarical tooi co deal with the defects is the homotopy group theory. Given a 

topological space S. the 0th homotopy group T”(-\‘) is the disconnected piece of X. The 

nth homocopy group i;,(x) is defined ils the equivalent class of maps of unit sphere S” in 

n dimensions into Z. Two maps are equivalent. or homotopic. if they are continuously 

deformable into one anocher. The connection between homotopy group and topological 

defects is well illustrated by the work of t’Hooft and Polyakov (1974) in their monopole 

theory and by Toulouse and Kelmin i 1976) in condensed matter. In the language of field 

theory, spontaneously breaking of a larger symmetry group G to a smaller one H is achieved 

by a vacuum phase transition. The topoiogical space X is the vacuum manifold M, which 

is equal to the quotient group G/H. In condensed matter physics it is called “the ordered 

parameter space.” In the following, ‘vacuum‘ and ‘ordered parameter space’ will be used 

interchangeably. The existence of defects is classified by homotopy group as: 

so(M) # I - stable wall 

T,(M) # I - stable string 

a(M) + I ---+ .stable point defect(monopole) 

71( .\I) # I - tezture 

and so on. where I is the identity matrix 

LVe require only the 0th and then first homotopy for our problem because of the ap- 

pearance of wails and strings. Forrunatel>-, calculation of 0th and 1st homotopy group is 

straight-forward. For any given vacuum manifold .\I. to find j~~( &I), simply count how 

many disconnected pieces .\,I There are. Each piece is an element of the homotopy group. 

Coventionally: the cliscrete group of R elements is labeled by Z,, so if a vacuum manifold 

has n disconnected pieces. -o( .\I) will be Z, The simplest example is the Ising model for 
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:he ferroma~ec. In this case tke spin can point two (lirections. ‘up’ and ‘down’. with the 

same enerqy. We do know that ::I a magnet rbere are domains. The vacuum manifold has 

two disconnected pieces. one for spin up. another for spin down. The 0th homotopy group 

is Z.2 which is different from the identity I. They conclude that there exist domain walls 

in rhe system which is correct. 

The caiculation of the 1st homotopy group goes in two steps. First. check if there is an 

unshrinkabie closed path in .\I OL- not. then i;l[:Lf) can be found by counting the number 

of different paths in AI which cannot shrink to a point in AJ continuously. We know that 

all circies on the surface of a bail can shrink to a point, but if there is a hole on the surface, 

all circles around this hole can never shrink to a point continuously. In order to find the 

homotopp group, we have to ciassify the path by its .winding number’: how many times 

does the path goes around the hole? This number can have any integer vaiue, so xl(~)) 

to Z. the integer group. 

Rod-like molecules are invariant under space inversion and rotation with respect to rod 

axis. so the ordered parameter space is r:y;$2 = S’/&. It is a hemisphere (see figure 

.ilI. 

For figure Al. a type I path can shrink to a point. .A type II path is also a closed path 

because P. Q are considered to be the same point. but it is clear that this path cannot 

shrink to a point. There is no other type closed path. so r,(M) = Z2. By the rules we list 

above. there are string defects in the system. 

If we want strings to join roqether to form a vortex, the requirement is that in the 

vortex region. the field should be non-sin,gular. Thus, the defects are removed in that 

region. For a Z, string (1st homotopy group is Z,,), since 2, is a n-cyclic group, any 

element 0 of the group, CL” =I This means that all paths in the n.-vortex region are 

shrinkable. so Z,, strings can form wvortices. .Uso. since a”’ = 2” = = I, Z, strings 

can also form ?n-vortices. 3n-wrtices. etc. In our case. we have Z2 strings. 4 strings joined 

io iorm a 4-vortices. In Appendix 2. we adapt some material from Wright and Mermin 



19SOl to show this via direct consrruction. 

.‘ippendis 2 

-4s shown in Part II: the minimization of the free energy requires 

vtnj C qeijtnk = 0. (A - 1) 

We know that no non-singular unit vector field can satisfy the condition throughout all 

rhe space. However. one can satisfy (-4-l) along lines? and by continuity the local bulk 

free energy density will be lower than that of the cholesteric phase in the neighbourhood 

of these lines as weil. 

One choice is the double twist cylinder. given by Meiboom et al. (1981). The director 

n twists along a pair of othogonal directions, 

I? = 3xX( qr) - &in(qr). (A - 2) 

One can check that 

Cvilzj + qtijknt)’ = ( ?,2 qsinfW I q2 
(A - 3) 

which show that V,nj + qcijknk does indeed vanish on the axis of the cylinder (r=O). 

Note that the double twist cylinder order parameter is not the thick string we present. 

Strings arise from the packing of the order parameter. 

Periodic arrangements of the cylinders form the base of the blue phase. Since the local 

free energy in a double cylinder still compares favorably with that of the cholesteric phase, 

even when the director has turned as much as 45-60 degrees from the cylinder axis, the 

diameters of the constituent cylinder can be of the order of the pinch L, which is the scale 

of the characteristic blue phase lattice constant. 

The first such arrangement of the cylinder was proposed by Meiboom et al. (1981’). 

Consider rhree families of c!-linder double twists to an angle of 45 degrees with the axis. 

Such cyiinders can be woven inro a periodic array wit,h simple cubic translational symmetry. 
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One feature oi the arrnnrement is that in the vicinity of four of the eight body diagonals 

emer,;iug from the center oi rhe cubic ceil. there is no way to interpolate unisial material 

without resulting in a singuiarity in the director field. This is easily verified by attaching 

..nrrowhead” ro rhe director. lteepin,g track of their orientation as one encircles such a line. 

and noticing that when one returns to the starting point. the direction of the arrowing is 

reversed. Figure .I:! and -13 show the topoiogical signature of the stable z - disclination 

line. 
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Fi~21u-e 1: skeleton oi the luniwrse 

C~mnected striq n~:twri; st,retci~lrri ~.rlllfornSi!- ,::irh the expa~nsion of the universe. 

Fizure 2.1: String ~:~~~untied by \di. cmss iecriou :.eiw 

The c,J.iinderic dom;Lin vail attaciwi 10 rix -r:ri’acr of a, thick suing? the thickness of string 

::-ill shrink due the surface tension of l.wii. 

F!;ure 2B: .\ wall launded by string. c’:oss wcriw Cew 

F&Ire 3-A: Pencil-lxam survey for the first, case string bounded by wall. 

Figure 3B: Pencil-beam survey for :1x seconrl case ~-all bounded by string, strings are at 

r!le edges of walls. 

Fiwure -41: Two tapes of closed loop on the hemisphere. 3 

Fi,gure .-\Z: The arrangement of double twist cylinders. 

Figure .-13: 

(a) ‘The cubic unit cell of a simple cubic structure in a distorted view, the parts of the 

(lvuble twist cylinders contained ia the cell are shown. 

i i)) Shows the four disciination iiws for the cube riia,gnols. 

/Both -42 and ;\3 are from IVri:hr k .\Iermin~ 
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